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Prospects for formalization?
I can imagine three strategies for formalizing the theory of ∞-categories.

Strategy I (analytic). Given precise definitions of ∞-categorical notions in the
quasi-categorical model. Prove theorems using the combinatorics of that model.

Strategy II (synthetic). Axiomatize the (∞, 2)-category of ∞-categories using the
notion of ∞-cosmos or something similar. State and prove theorems about ∞-categories
in the axiomatic language of an ∞-cosmos and its quotient 2-category. To show that
this theory is non-vacuous, prove the quasi-categories define an ∞-cosmos (and
formalize other examples, as desired).

Strategy III (extra synthetic). Avoid the technicalities of set-based models by developing
the theory of ∞-categories synthetically, in a domain-specific type theory. In simplicial
homotopy type theory, an ∞-category can be defined to be a type with unique binary
composition of arrows in which paths are equivalent to isomorphisms. Formalization
then requires a bespoke proof assistant such as Rzk.



Plan

1. Formalizing synthetic ∞-category theory via ∞-cosmoi in Lean

2. Formalizing synthetic ∞-category theory in simplicial HoTT in Rzk
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Formalizing synthetic ∞-category theory via
∞-cosmoi in Lean



Quasi-categories in Lean
Lean’s mathematics library Mathlib knows the definition of a quasi-category, thanks to
Johan Commelin:

Here a simplicial set 𝑆 is a quasi-category if it satisfies a certain property: namely if any
inner horn 𝜎0 in 𝑆 can be extended to a simplex 𝜎.
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∞-cosmoi in Lean?
Mathlib also knows the definition of an enriched category. Thus it should be feasible to
formalize the following definition:



The ∞-cosmos project
Last month, Mario Carneiro, Dominic Verity, and I launched the ∞-cosmos project:



A blueprint for the formalization project
Pietro Monticone and Patrick Massot helped us set up a blueprint (and website) to
organize the workflow:

There is a lot of work that remains to be done!



Towards the definition of an ∞-cosmos
The definition of an ∞-cosmos requires the notion of a simplicially enriched category
and also the notions of simplicially enriched limits.

● Conical limits and cotensors have been formalized since the start of this project.
● Work-in-progress will formalize the bifunctor defined by the simplicial cotensor.
● Once this is done, the definition of an ∞-cosmos will be formalizable.



A formalization target
The blueprint describes a lemma that remains to be formalized:



Contributors to the ∞-cosmos project

So far formalizations (and preliminary mathematical work) have been contributed by:

Dagur Asgeirsson, Mario Carneiro, Johan Commelin, Jack McKoen, Pietro Monticone,
Emily Riehl, Joël Riou, Joseph Tooby-Smith, Adam Topaz, and Dominic Verity.

Anyone is welcome to join us!

emilyriehl.github.io/infinity-cosmos

https://emilyriehl.github.io/infinity-cosmos/
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Formalizing synthetic ∞-category theory in
simplicial HoTT in Rzk



∞-categories in set theory
Essentially, ∞-categories are 1-categories in which all the sets have been replaced by
∞-groupoids aka homotopy types:

sets :: ∞-groupoids
categories :: ∞-categories

Where
● categories have sets of objects, ∞-categories have ∞-groupoids of objects, and
● categories have hom-sets, ∞-categories have ∞-groupoidal mapping spaces.

While the axioms that turn a directed graph into a category are expressed in the
language of set theory — a category has a composition function satisfying axioms
expressed in first-order logic with equality — composition in an ∞-category, as a
morphism between ∞-groupoids, isn’t a “function” in the traditional sense (since
homotopy types do not have underlying sets of points).

This is why ∞-categories are so difficult to model within set theory.



Could ∞-category theory be taught to undergraduates?
As far as we know, there are no existing formalizations of ∞-category theory in any
proof assistant library such as Lean-mathlib, Agda-UniMath, Coq-HoTT,…

Why not?

The traditional foundations of mathematics are not
really suitable for “higher mathematics” such as
∞-category theory, where the basic objects are built
out of higher-dimensional types instead of mere sets.
However, there are proposals for new foundations for
mathematics that are closer to mathematician’s core
intuitions, based on Martin-Löf’s dependent type
theory such as
● homotopy type theory,
● higher observational type theory, and the
● simplicial type theory, that we use here.



∞-categories in simplicial homotopy type theory
The identity type family gives each type the structure of an ∞-groupoid: each type 𝐴
has a family of identity types over 𝑥, 𝑦 ∶ 𝐴 whose terms 𝑝 ∶ 𝑥 =𝐴 𝑦 are called paths.
In a “directed” extension of homotopy type theory introduced in

Emily Riehl and Michael Shulman, A type theory for synthetic ∞-categories,
Higher Structures 1(1):116–193, 2017

each type 𝐴 also has a family of hom types Hom𝐴(𝑥, 𝑦) over 𝑥, 𝑦 ∶ 𝐴 whose terms
𝑓 ∶ Hom𝐴(𝑥, 𝑦) are called arrows.

defn (Riehl–Shulman after Joyal and Rezk). A type 𝐴 is an ∞-category if:
● Every pair of arrows 𝑓 ∶ Hom𝐴(𝑥, 𝑦) and 𝑔 ∶ Hom𝐴(𝑦, 𝑧) has a unique composite,

defining a term 𝑔 ○ 𝑓 ∶ Hom𝐴(𝑥, 𝑧).
● Paths in 𝐴 are equivalent to isomorphisms in 𝐴.

With more of the work being done by the foundation system, perhaps someday
∞-category theory will be easy enough to teach to undergraduates?



An experimental proof assistant Rzk for ∞-category theory

The proof assistant Rzk was
written by Nikolai Kudasov:

rzk-lang.github.io/rzk

https://rzk-lang.github.io/rzk


A formalized proof of the ∞-categorical Yoneda lemma
Our initial aim was to write a formalized proof of the ∞-categorical Yoneda lemma.

github.com/emilyriehl/yoneda or emilyriehl.github.io/yoneda/
● proof from Emily Riehl & Mike Shulman, A type theory for synthetic ∞-categories,

Higher Structures 2017.
● formalizations written by Nikolai Kudasov, Emily Riehl, Jonathan Weinberger.
● completed March 12 – April 17, 2023

Another objective is to compare ∞-category theory in simplicial type theory with
ordinary category theory in traditional foundations. Thus,
● We’ve included a formalization of the 1-categorical Yoneda lemma in Lean by Sina

Hazratpour as part of an Introduction to Proofs course at Johns Hopkins.
● We wrote a first version of yoneda-lemma-precategories.lagda.md.

More recently, we’ve professionalized our library, implementing a style guide suggested by
Fredrik Bakke, and invited new contributors to a broader project of formalizing synthetic
∞-category theory:

github.com/rzk-lang/sHoTT or rzk-lang.github.io/sHoTT

https://github.com/emilyriehl/yoneda
https://emilyriehl.github.io/yoneda/
https://github.com/rzk-lang/sHoTT
https://rzk-lang.github.io/sHoTT/


Contributors to the simplicial HoTT library

So far formalizations (and work on the proof assistant Rzk) have been contributed by:

Abdelrahman Aly Abounegm, Fredrik Bakke, César Bardomiano Martínez, Jonathan
Campbell, Robin Carlier, Theofanis Chatzidiamantis-Christoforidis, Aras Ergus, Matthias
Hutzler, Nikolai Kudasov, Kenji Maillard, David Martínez Carpena, Stiéphen Pradal,
Nima Rasekh, Emily Riehl, Florrie Verity, Tashi Walde, and Jonathan Weinberger.

Anyone is welcome to join us!

rzk-lang.github.io/sHoTT

https://rzk-lang.github.io/sHoTT/
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