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The Serre Finiteness Theorem
in Cubical Agda



Statement of the Serre Finiteness Theorem
The Serre Finiteness Theorem says that the homotopy groups of spheres are finitely
presented abelian groups.

Serre Finiteness Theorem. For all 𝑛, 𝑘 ∶ ℕ,
there merely exists 𝑔, 𝑟 ∶ ℕ and 𝜑 ∶ ℤ𝑟 → ℤ𝑔 so that 𝜋𝑛𝑆𝑘 ≅ ℤ𝑔/𝜑(ℤ𝑟).

The (non-unique) homomorphism 𝜑
defines a 𝑔 × 𝑟 matrix of integers,
which has a unique Smith normal form
whose diagonal entries are natural
numbers each dividing all subsequent
entries:

𝜋𝑛𝑆𝑘 ≅ ℤ/𝑑1 ⊕ ⋯ ⊕ ℤ/𝑑ℓ
with 1 ≠ 𝑑1 ∣ ⋯ ∣ 𝑑ℓ

(possibly including zeros).
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Spheres and homotopy groups

The spheres 𝑆𝑛 can be defined by iterated suspension starting from 𝑆−1 ≔ ∅.

𝑆𝑛−1 ∗

∗ 𝑆𝑛

!

!
⌜

For a pointed homotopy type 𝑋, the (underlying set of the) 𝑛th homotopy group is the
set-truncation (aka the path components) of the homotopy type of pointed maps

𝜋𝑛𝑋 ≔ ‖𝑆𝑛 →∗ 𝑋‖0



Stably almost finite implies finitely presentable homotopy

Barton and Campion introduce a predicate on homotopy types called stably almost finite.

A homotopy type is stably almost finite if and only if its homology groups are finitely
presented, but the definition of stably almost finite does not reference homology.

Theorem (Barton–Campion). If 𝑋 is a 1-connected pointed homotopy type and 𝑋 is
stably almost finite, then 𝜋𝑛𝑋 is finitely presented for all 𝑛 ∶ ℕ.

The spheres are stably almost finite. (By direct calculation, the homotopy groups of 𝑆0

and 𝑆1 are finitely presentable, while 𝑆𝑘 is 1-connected for 𝑘 ≥ 2.) Thus, as a corollary:

Serre Finiteness Theorem. For all 𝑛, 𝑘 ∶ ℕ,
there merely exists 𝑔, 𝑟 ∶ ℕ and 𝜑 ∶ ℤ𝑟 → ℤ𝑔 so that 𝜋𝑛𝑆𝑘 ≅ ℤ𝑔/𝜑(ℤ𝑟).



Base case: (𝑛 − 1)-connected homotopy types

It is easiest to calculate 𝜋𝑛𝑋 when it is the bottom non-zero homotopy group, so to
warm up suppose that 𝑋 is (𝑛 − 1)-connected and 𝑛 ≥ 2.

In the case of a finite CW complex:

Weak Hurewicz Theorem. Let 𝐶 be an (𝑛 − 1)-connected finite CW complex with
𝑛 ≥ 2. Then 𝜋𝑛𝐶 is finitely presentable.

Proof: There is an 𝑛-connected map to 𝐶 from the cofiber of some 𝜑∶ ∨𝑅𝑆𝑛 → ∨𝐺𝑆𝑛

between finite wedges of 𝑛-spheres, inducing an isomorphism ℤ[𝐺]/𝜑(ℤ[𝑅]) ≅ 𝜋𝑛𝐶.

More generally:

Weak Hurewicz Corollary. Suppose 𝑋 is an (𝑛 − 1)-connected homotopy type, where
𝑛 ≥ 2, with an 𝑛-connected map 𝑓 ∶ 𝐶 → 𝑋. Then 𝜋𝑛𝑋 is finitely presentable.

Proof: 𝜋𝑛𝐶 ≅ 𝜋𝑛𝑋 and 𝐶 satisfies the hypotheses of the previous theorem.



Suspended base case
We have proven:

Weak Hurewicz Corollary. Suppose 𝑋 is an (𝑛 − 1)-connected homotopy type, where
𝑛 ≥ 2, with an 𝑛-connected map 𝑓 ∶ 𝐶 → 𝑋. Then 𝜋𝑛𝑋 is finitely presentable.

It suffices to assume only that some suspension of 𝑋 has a suitably connected
approximation by a finite CW complex:

Theorem B. Suppose 𝑋 is an (𝑛 − 1)-connected homotopy type, where 𝑛 ≥ 2, with an
𝑛 + 𝑚-connected map 𝑓 ∶ 𝐶 → Σ𝑚𝑋 for some 𝑚. Then 𝜋𝑛𝑋 is finitely presentable.

Proof: Since 𝑋 is (𝑛 − 1)-connected and 𝑛 ≥ 2,

𝜋𝑛𝑋 ≅ 𝜋𝑛+𝑚(Σ𝑚𝑋)

by the Freudenthal suspension theorem, and Σ𝑚𝑋 is (𝑛 + 𝑚 − 1)-connected, satisfying
the hypotheses of the previous theorem.



Stably almost finite homotopy types
We have proven:

Theorem B. Suppose 𝑋 is an (𝑛 − 1)-connected homotopy type, where 𝑛 ≥ 2, with an
𝑛 + 𝑚-connected map 𝑓 ∶ 𝐶 → Σ𝑚𝑋 for some 𝑚. Then 𝜋𝑛𝑋 is finitely presentable.

This motivates the definition:

Definition. A homotopy type 𝑋 is stably almost finite if and only if for all 𝑛 there merely
exists 𝑚 and a finite CW complex 𝐶 with an 𝑛 + 𝑚-connected map 𝑓 ∶ 𝐶 → Σ𝑚𝑋.

Thus, we have proven:

Theorem B. Suppose 𝑋 is an (𝑛 − 1)-connected homotopy type, where 𝑛 ≥ 2, that is
stably almost finite. Then 𝜋𝑛𝑋 is finitely presentable.

It remains to reduce the general case to this special case.



Truncations and connected covers
For any pointed homotopy type 𝑋 and 𝑚 ∶ ℕ, we may define

𝑋⟨𝑚⟩ 𝑋

∗ ‖𝑋‖𝑚

𝜖𝑚

⌟
𝜂𝑚

𝑥0

where
• 𝜂𝑚 ∶ 𝑋 → ‖𝑋‖𝑚 is the 𝑚-truncation of 𝑋, the universal map to

an 𝑚-truncated homotopy type ‖𝑋‖𝑚, with 𝜋𝑖(‖𝑋‖𝑚) ≅ 0 for 𝑖 > 𝑚.
• Moreover, 𝜂𝑚 is 𝑚-connected, inducing

an isomorphism 𝜋𝑖𝑋 ≅ 𝜋𝑖‖𝑋‖𝑚 for 0 ≤ 𝑖 ≤ 𝑚 and a surjection on 𝜋𝑚+1.
• 𝜖𝑚 ∶ 𝑋⟨𝑚⟩ → 𝑋 is the 𝑚-connected cover of 𝑋, the universal pointed map from

an 𝑚-connected homotopy type 𝑋⟨𝑚⟩, with 𝜋𝑖(𝑋⟨𝑚⟩) ≅ 0 for 1 ≤ 𝑖 < 𝑚 − 1.
• Moreover, 𝜖𝑚 is (𝑚 − 1)-truncated, inducing

an isomorphism 𝜋𝑖(𝑋⟨𝑚⟩) ≅ 𝜋𝑖(𝑋) for 𝑖 > 𝑚.



Proof strategy

For any pointed homotopy type 𝑋 and 𝑛 ≥ 2

𝜋𝑛(𝑋⟨𝑛 − 1⟩) ≅ 𝜋𝑛(𝑋)

where 𝑋⟨𝑛 − 1⟩ is (𝑛 − 1)-connected.

𝑋⟨𝑛 − 1⟩ 𝑋

∗ ‖𝑋‖𝑛−1

𝜖𝑛−1

⌟
𝜂𝑛−1

𝑥0

Theorem A combines with the already-proven Theorem B to achieve our goal:

Theorem A. If 𝑋 is stably almost finite and 1-connected, then 𝑋⟨𝑛 − 1⟩ is stably almost
finite for any 𝑛 ≥ 2.

Theorem B. Suppose 𝑋 is an (𝑛 − 1)-connected homotopy type, where 𝑛 ≥ 2, that is
stably almost finite. Then 𝜋𝑛𝑋 is finitely presentable.

Theorem (Barton–Campion). If 𝑋 is a 1-connected pointed homotopy type and 𝑋 is
stably almost finite then 𝜋𝑛𝑋 is finitely presented for all 𝑛.



Stability of stably almost finite homotopy types
Finite CW complexes are stably almost finite. The class of stably almost finite homotopy
types is closed under:

• suspension
• 2-of-3 for cofiber sequences
• joins, wedge product, smash product, and cartesian product

More elaborate arguments using the Ganea construction show:
• If 𝐵 is 1-connected and stably almost finite, then Ω𝐵 is stably almost finite.
• If 𝐴 is a finitely presented abelian group and 𝑛 ≥ 1, then 𝐾(𝐴, 𝑛) is stably almost

finite (using the previous result and the structure theorem).
• In a fiber sequence 𝐹 → 𝐸 → 𝐵, if 𝐵 is 1-connected and 𝐵 and 𝐹 are stably

almost finite, 𝐸 is stably almost finite.
• In a fiber sequence 𝐹 → 𝐸 → 𝐵, if 𝐸 and 𝐵 are 1-connected and stably almost

finite, 𝐵 is stably almost finite.



Stably almost finite connected covers

Theorem A. If 𝑋 is stably almost finite and 1-connected, then 𝑋⟨𝑛 − 1⟩ is stably almost
finite for any 𝑛 ≥ 2.

Proof: We prove by induction on 𝑛 ≥ 1, that 𝑋⟨𝑛⟩ and ‖𝑋‖𝑛 are stably almost finite
using the fiber sequences

𝑋⟨𝑛⟩ → 𝑋 → ‖𝑋‖𝑛 and 𝐾(𝜋𝑛𝑋, 𝑛) → ‖𝑋‖𝑛 → ‖𝑋‖𝑛−1.

• In the base case, ‖𝑋‖1 is contractible and 𝑋⟨1⟩ ≃ 𝑋.
• So assume 𝑋⟨𝑛 − 1⟩ and ‖𝑋‖𝑛−1 are stably almost finite.
• By Theorem B, 𝜋𝑛(𝑋⟨𝑛 − 1⟩) ≅ 𝜋𝑛𝑋 is finitely presentable, so 𝐾(𝜋𝑛𝑋, 𝑛) is

stably almost finite.
• Thus we conclude that ‖𝑋‖𝑛 and 𝑋⟨𝑛⟩ are stably almost finite from the fiber

sequences.



Why Cubical Agda?

Why formalize the Serre Finiteness Theorem in Cubical Agda?

Serre Finiteness Theorem. For all 𝑛, 𝑘 ∶ ℕ,
there merely exists 𝑔, 𝑟 ∶ ℕ and 𝜑 ∶ ℤ𝑟 → ℤ𝑔 so that 𝜋𝑛𝑆𝑘 ≅ ℤ𝑔/𝜑(ℤ𝑟).

The Serre Finiteness Theorem formalization supplies an element of

Π𝑛,𝑘∶ℕ‖Σ𝑔,𝑟∶ℕΣ𝜑∶ℤ𝑟→ℤ𝑔𝜋𝑛𝑆𝑘 ≅ ℤ𝑔/𝜑(ℤ𝑟)‖−1,

which by (not yet formalized) uniqueness of Smith Normal Forms gives an element of:

Π𝑛,𝑘∶ℕΣ𝑑∶List(ℕ)‖𝜋𝑛𝑆𝑘 ≅ ℤ/𝑑1ℤ ⊕ ⋯ ⊕ ℤ/𝑑ℓℤ‖−1.

Cubical Agda satisfies canonicity (because univalence is constructively provable)
meaning that for any particular values of 𝑛 and 𝑘, Cubical Agda can in theory
normalize this element to calculate the explicit numerals in the list 𝑑 determining 𝜋𝑛𝑆𝑘.
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Synthetic ∞-category theory
in Rzk and Agda flat/sharp



Semantic setting for synthetic ∞-category theory
Our results about “homotopy types” also hold for objects in any ∞-topos.

In what follows, our results about “synthetic ∞-categories” can be interpreted in
simplicial objects in an ∞-topos — which is in particular an ∞-topos!

Thus, we may use the moduli spaces for various propositions from homotopy type theory:

• For any space 𝐴, a point in the space

isContr(𝐴) ≔ Σ𝑥∶𝐴Π𝑦∶𝐴𝑥 = 𝑦

provides a proof of the contractibility of 𝐴.
• A similar moduli space detects whether a map 𝑓 ∶ 𝐴 → 𝐵 is an equivalence

isEquiv(𝑓) ≔ (Σ𝑔∶𝐵→𝐴𝑔 ∘ 𝑓 = id𝐴) × (Σℎ∶𝐵→𝐴𝑓 ∘ ℎ = id𝐵)



Simplices from a directed interval
Synthetic ∞-category theory is developed in the context of a directed interval 2:

• with distinct endpoints 0, 1 ∶ 2,
• with a family of propositions (𝑥 ≤ 𝑦)𝑥,𝑦∶2, and
• satisfying reflexivity, transitivity, antisymmetry, totality, with min 0 and max 1.

From the interval, (cf. Joyal) we define the standard simplices (and maps between them):

Δ0 ≔ ∗ Δ2 ≔ Σ𝑥,𝑦∶2𝑦 ≤ 𝑥 Δ2 Δ3

Δ1 ≔ 2 Δ3 ≔ Σ𝑥,𝑦,𝑧∶2𝑧 ≤ 𝑦 ≤ 𝑥 2 × 2 2 × 2 × 2

(𝑦≤𝑥)𝑥,𝑦∶2 (𝑧≤𝑦≤𝑥)𝑥,𝑦,𝑧∶2 ⋯

as well as simplicial subspaces such as

Λ2
1 ≔ Σ𝑥,𝑦∶2(𝑦 = 0) ∨ (𝑥 = 1)

𝜕Δ2 ≔ Σ𝑥,𝑦∶2(𝑦 = 0) ∨ (𝑥 = 𝑦) ∨ (𝑥 = 1)

Δ0 Δ1

Δ1 Λ2
1 𝜕Δ2

2 × 2

⌜

https://ncatlab.org/nlab/show/classifying+topos


Arrows and commutative triangles
Maps out of Δ1 and Δ2 define arrows and commutative triangles in a type 𝐴.

hom(𝑥, 𝑦) 𝐴Δ1 hom2(𝑓, 𝑔, ℎ) 𝐴Δ2

∗ 𝐴 × 𝐴 ∗ 𝐴𝜕Δ2

⌟
res

⌟
res

(𝑥,𝑦) (𝑓,𝑔,ℎ)

For example, projection functions define identities and their commutative triangles:



Synthetic ∞-categories

A simplicial homotopy type 𝐴 is a synthetic ∞-category when it satisfies the internal
Segal and Rezk completeness conditions.

Definition. A simplicial homotopy type 𝐴 is an ∞-category if:
• The restriction map res ∶ 𝐴Δ2 → 𝐴Λ2

1 is an equivalence.
• The restriction map res ∶ 𝐴 → 𝐴𝕀 is an equivalence, where 𝕀 is the homotopy

coherent isomorphism.

We only need the first condition, which equivalently asserts that for any composable pair
of arrows 𝑓 ∶ hom𝐴(𝑥, 𝑦) and 𝑔 ∶ hom𝐴(𝑦, 𝑧), the space of composites is contractible:

𝑦

𝑥 𝑧
𝑔𝑓 ∶ 𝐴Λ2

1



Unique composition in synthetic ∞-categories
In a synthetic ∞-category 𝐴, for any composable pair of arrows 𝑓 ∶ hom𝐴(𝑥, 𝑦) and
𝑔 ∶ hom𝐴(𝑦, 𝑧), the space of composites is contractible:

𝑦

𝑥 𝑧
𝑔𝑓 ∶ 𝐴Λ2

1

Thus, 𝐴 has a well-defined unique composition function constructed from the center of
contraction and contracting homotopy of the contractible space of composites:

∘ ∶ hom𝐴(𝑥, 𝑦) → hom𝐴(𝑦, 𝑧) → hom𝐴(𝑥, 𝑧)



Composition in synthetic ∞-categories is unital and associative

∘ ∶ hom𝐴(𝑥, 𝑦) → hom𝐴(𝑦, 𝑧) → hom𝐴(𝑥, 𝑧)

Using the unique composition function in a synthetic ∞-category 𝐴, it follows that
composition is unital and associative:

𝑥
𝑥 𝑦

𝑓id𝑥

𝑓

∶ 𝐴Δ2



Natural transformations

Fix a synthetic ∞-category 𝐴 and element 𝑎, 𝑏 ∶ 𝐴. A family of functions

𝜑 ∶ Π𝑧∶𝐴hom𝐴(𝑧, 𝑎) → hom𝐴(𝑧, 𝑏)

defines the components of a natural transformation between contravariant functors.

Theorem: Any family of functions 𝜑 ∶ ∏𝑧∶𝐴 hom𝐴(𝑧, 𝑎) → hom𝐴(𝑧, 𝑏) is natural:

for any 𝑓 ∶ hom𝐴(𝑥, 𝑦) and 𝑣 ∶ hom𝐴(𝑦, 𝑎)

𝑓 ∘ 𝜑𝑦(𝑣) = 𝜑𝑥(𝑓 ∘ 𝑣).

Because we have naturality for free, the type of natural transformations is just:

Π𝑧∶𝐴hom𝐴(𝑧, 𝑎) → hom𝐴(𝑧, 𝑏)



Statement of the Yoneda lemma

The Yoneda lemma says that evaluation at the identity defines an equivalence between
the type of natural transformations Π𝑧∶𝐴hom𝐴(𝑧, 𝑎) → hom𝐴(𝑧, 𝑏) and the type of
arrows hom𝐴(𝑎, 𝑏).

This allows us to state the Yoneda lemma:



The inverse Yoneda map

To prove that evid ∶ (Π𝑧∶𝐴hom𝐴(𝑧, 𝑎) → hom𝐴(𝑧, 𝑏)) → hom𝐴(𝑎, 𝑏) is an equivalence,
we first define the inverse map:

yon ∶ hom𝐴(𝑎, 𝑏) → (Π𝑧∶𝐴hom𝐴(𝑧, 𝑎) → hom𝐴(𝑧, 𝑏))

Given 𝑣 ∶ hom𝐴(𝑎, 𝑏), we define a natural transformation

yon 𝑣 ∶ Π𝑧∶𝐴hom𝐴(𝑧, 𝑎) → hom𝐴(𝑧, 𝑏)

by postcomposing with 𝑣.



The proof of the Yoneda lemma
To prove that the functions

(Π𝑧∶𝐴hom𝐴(𝑧, 𝑎) → hom𝐴(𝑧, 𝑏)) hom𝐴(𝑎, 𝑏)
evid

yon

are inverse equivalences, we consider their composites.
Given 𝑣 ∶ hom𝐴(𝑎, 𝑏), by definition evid(yon 𝑣) reduces to id𝑎 ∘ 𝑣. Thus,
evid(yon 𝑣) ∶ hom𝐴(𝑎, 𝑏) equals 𝑣 by unitality of composition: evid(yon 𝑣) = 𝑣.

This proves that yon is right
inverse to evid. It remains
only to prove that yon is also
left inverse.



The proof of the Yoneda lemma
The proof that yon is left inverse to evid amounts to showing for 𝑥 ∶ 𝐴 and
𝑓 ∶ hom𝐴(𝑥, 𝑎) that yon(evid 𝜑)𝑥(𝑓) equals 𝜑𝑥(𝑓) ∶ hom𝐴(𝑥, 𝑏).

By definition
yon(evid 𝜑)𝑥(𝑓) reduces
to 𝑓 ∘ 𝜑𝑎(id𝑎). By
naturality of 𝜑, this equals
𝜑𝑥(𝑓 ∘ id𝑎), which then
equals 𝜑𝑥(𝑓) by the other
identity law:

yon(evid 𝜑)𝑥(𝑓) = 𝑓 .

By function extensionality, this completes the proof of the Yoneda lemma.



Agda synthetic categories library

The proof assistant Rzk implements the original (Riehl–Shulman) simplicial type theory,
not its later extensions by Weaver–Licata or Gratzer–Weinberger–Buchholtz.

tl;dr: Proofs in Rzk are simple, conceptual, and short — but not all theorems about
∞-categories can be correctly stated (or proven).

A more comprehensive synthetic theory of ∞-categories requires modalities, like the
discrete ⊣ codiscrete modalities ♭ ⊣ ♯ of Agda Flat/Sharp.

The Synthetic (∞-)Categories library in Agda Flat/Sharp was initiated a few
months ago by Samuel Toth and is expanding very rapidly…

https://higher-structures.math.cas.cz/api/files/issues/Vol1Iss1/RiehlShulman
https://dl.acm.org/doi/abs/10.1145/3373718.3394794
https://arxiv.org/abs/2602.02218


Strange new universes of synthetic mathematics

“I believe that future mathematics software will
combine the ease of interaction of an LLM with
the near-absolute trustworthiness of a proof as-
sistant.
…just as a present-day mathematician can exploit
a computer’s calculational ability to explore nu-
merical realms undreamed-of decades ago, these
imagined future mathematicians may exploit a
computer’s logical ability to explore conceptual
realms undreamed-of today.
…What new kinds of mathematics, then, may be
waiting for us to explore with the proof assistants
of tomorrow?”

— Michael Shulman
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