Synthetic perspectives on spaces and categories

Emily Riehl*

Abstract. Recently discovered domain-specific formal systems—specifically homotopy type theory and
simplicial type theory—provide new perspectives on spaces and categories in a natively equivalence-invariant
setting. In this note, we expose fundamental proof techniques from these parallel settings: describing induction
principles over paths or arrows and constructions involving universes that are either univalent or directed univalent.

1 Introduction. Over the past several decades, various formalisms have been developed for working with
spaces or categories in a natively “derived” or equivalence-invariant manner [35, 67, 50, 29, 46, 37, 27, 44].

1.1 On spaces. In the case of topological spaces, the notion of equivalence we have in mind is weak
homotopy equivalence, a map f: X — Y that induces an isomorphism on path components and all homotopy
groups. Constructions that respect this notion of equivalence are constructions on homotopy types—i.e., spaces
up to weak homotopy equivalence—which are also known as oo-groupoids (following Grothendieck [36]) or anima
(following Cesnavicius, Clausen, and Scholze [25, §11.1], [19, §1.2]). In this note, we use the more familiar term
“spaces” to refer to these equivalent notions but caution that our spaces do not have a well-defined underlying
set: instead, a point in a space refers to a homotopy class of maps out of a contractible space, i.e., an element of
the set of path components.

Our aim in the first part of this note is to provide a prospective on spaces that captures the insights of
homotopy type theory and univalent foundations, a “surprising synthesis of constructive intensional type theory
and abstract homotopy theory” [60] discovered in the early 21st century. Homotopy type theory can be thought
of as a synthetic theory of spaces, where spaces are primitive notions, usually called “(homotopy) types.” We will
introduce notations, constructions, and proofs inspired by that formal framework in a concrete setting that can
be described in traditional foundations.

To make sense of the constructions that follow, we must work in a “very convenient category of spaces.” In
[63], Steenrod explained how to construct a category that contained the familiar examples of spaces and had the
property of being cartesian closed, meaning that the cartesian product with a fixed space X has a right adjoint,
defining an internal hom: for spaces X and Y, this constructs the mapping space Map(X,Y) =YX from X to Y.
Here we require our category of spaces to be locally cartesian closed, a notion we review in §2. In fact our intended
semantic setting is more general than our language will suggest. Shulman has shown [61] that homotopy type
theory, and in particular all of our constructions, can be interpreted in an arbitrary oco-topos [52, 44], of which
the base example is the co-topos of spaces. Thus our primitive “spaces” might be somewhat more elaborate.

1.2 On categories. Of the many interesting variants of the notion of a category, here we focus on (oo, 1)-
categories—first introduced by Boardman and Vogt [11], further developed by Joyal [37], and nicknamed “oo-
categories” by Lurie [44]—which are the analogs of ordinary categories replacing all the sets in the definition by
spaces, in the sense introduced above. This can be understood as enriching the ordinary notion of a category—
adding morphisms between morphisms, and morphisms between morphisms, and morphisms between morphisms
between morphisms ad infinitum thought of as paths, homotopies, and higher homotopies in the spaces of arrows.
But on account of the fact that all of our constructions on spaces are required to be equivalence-invariant, this
must also be understood as weakening the original notion. The central structure in an ordinary strict 1-category
is given by its composition function, defined for any triple of objects x, y, z:

Hom(y, z) x Hom(z,y) —— Hom(x, 2)
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Here, this takes the form of a map between equivalence-invariant spaces of arrows, and consequently the
composition of morphisms g: Y — Z and f: X — Y is only well-defined up to a contractible space of choices,
which is the homotopical analog of the usual requirement that composition is defined uniquely. In this note, we
use the term “categories” to refer to co-categories and use the term “(strict) 1-categories” to refer to the ordinary
notion in the few settings it appears.

As categories, in our sense, are built out of spaces, it is attractive to develop the theory of categories in the
synthetic setting for spaces described in §1.1. This avoids the notorious complexity inherent to the traditional
“analytic” definitions of categories surveyed in [4, 8]. To the formal system of homotopy type theory, we add
an axiomatic directed arrow satisfying strict interval axioms. In §5, we sketch the structures present in our
setting for synthetic category theory, known in the literature as simplicial type theory [55]. Again, our intended
semantic setting is more general than our language suggests. All of our constructions will make sense not just
for categories—the oo-categories described above—but to what are called internal co-categories, meaning oo-
categories defined in an arbitrary co-topos [47, 48], or in even more general settings [51].

1.3 Outline. We could easily fill this article with more precise descriptions of the formal frameworks for
synthetic spaces and synthetic categories—homotopy type theory and simplicial type theory respectively. Instead,
our plan is to highlight some of the fundamental constructions that can equally be unpacked in traditional
foundations. In each parallel setting, we explore new induction principles, specifically path induction in §3 and
arrow induction in §6, and the use of universes that are respectively univalent in §4 and directed univalent in
§7. In §8, we conclude by highlighting ongoing work of our colleagues concerning synthetic spaces, synthetic
categories, and synthetic mathematics more broadly.

There is a further benefit of synthetic mathematical frameworks that will not feature here but also motivates
this work: namely their amenity to computer formalization, as formal proofs in synthetic domains tend to more
closely parallel their pen-and-paper counterparts. In particular, theorems in homotopy type theory, such as
the applications of univalence mentioned in §4.3 have been formalized many times over, while the results on
synthetic categories appearing in §5—6 have been formalized in the computer proof assistant RzK that implements
the simplicial type theory [41, 42, 1], the first and to date essentially only formalization of results from higher
category theory. This proof assistant did not exist while the paper [55] was being written, so the formalization
was undertaken after the fact, catching the errors in the original paper noted in §6.

2 A very convenient category of spaces. Following Eilenberg and Zilber [28], Gabriel and Zisman
[30], Kan [38], Quillen [50] and others, the classical homotopy theory of homotopy types can be modelled by a
particular strict presheaf category, namely the strict 1-category sSet := Set " of simplicial sets, indexed by the
topologists’ strict 1-category of finite non-empty ordinals and order-preserving maps. The representables—the
objects in the image of the Yoneda embedding &: < sSet—define the n-simplices A" for n > 0, thought of as
combinatorial avatars of the topological n-simplices. By the density of the Yoneda embedding, all other simplicial
sets may be canonically presented as colimits of the simplices. There is a canonically-defined adjunction between
simplicial sets and the strict 1-category of point-set topological spaces whose left adjoint “geometrically realizes”
a simplicial set as a topological space:

.) NN

sset =1 Top.
Sing:=Hom(A®,—)

There is something a bit strange about using simplicial sets as a combinatorial model for spaces, namely that
the standard simplices are “directed”; for instance there is no “reversal” map p: A' — A! that exchanges the
two vertices. While maps p: A' — X are thought of as “paths” in X, paths cannot necessarily be reversed or
composed unless X is a Kan complez, characterized by a right lifting property:

Ap —25 X AP —25 X

P P

L e >1 0<k<n.
1 1 lf n>1, 0<k<
A" A" —— Y
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More generally, a map of simplicial sets is called a Kan fibration and denoted f: X — Y if it has the right
lifting property against all inclusions of horns A} C A", these being the simplicial subset spanned by all of the
codimension 1 simplices except the one opposite vertex k. The Kan complexes define the so-called fibrant objects
and the Kan fibrations define the fibrations in a Quillen model structure, that is, a strict 1-categorical presentation
of the (oco-)category of spaces.

THEOREM 2.2 (Quillen [50]). There is a right proper simplicial model structure on simplicial sets whose
cofibrations are the monomorphisms.

2.1 Families of spaces. The category of simplicial sets is locally cartesian closed, meaning that for any
f+ A — T the composition functor has two right adjoints defined by pullback along f and pushforward along f:

Xy
m
(2.3) sSet/p «—f*— sSetr.
\L/‘

oy

Since sSet has a terminal object A, this implies that sSet = sSet /a0 and indeed any slice sSet/r is cartesian
closed and has all finite limits.

LEMMA 2.4. When f: A — T is a fibration, all three adjoints ¥y 4 f* 4 II; preserve fibrations.*
We introduce special notation for fibrations of simplicial sets p: A — ', which we think of as families of
spaces parametrized by a base space I' referred to as the context; note that the fibers will be fibrant objects but

it not necessary that the base I' is fibrant. Henceforth, we use “family of spaces” to refer to a fibration over a not
necessarily fibrant base.

Notation 2.5. The following notation is intended to make the composition, pullback, and pushforward
operations on families of spaces more legible.

e Fibrations, aka fibrant objects in a slice sSet,4, will be depicted as indexed families of spaces:

B, —— B

B
l(Ba)a:A i - l(BG)a:A
A

Here, B, denotes the fiber over a generalized element a: I' — A, abbreviated a : A. We also refer to a
family of spaces (B, )a:4 as a “space B in context A.”

e Pullbacks of families of spaces are also called substitutions, as the fiber of the pullback of a family of spaces
(Bg)a:a along f: C — A over a generalized element ¢: T' — C is calculated by substituting the element
fe: T' — A for the element a:

Bf —— B

(BfC)C:Ci - l(Bu)a:A
C — A.

e When A is fibrant, the functor ¥4 defined by composing with !: A — A° sends a family of spaces (By)a:4
to a space X,.4B,, namely the domain B of the fibration:

Ea:ABa Ea:ABa

o] o |

A—— A,

IThe fibration hypothesis is not needed for the pullback functor, but is needed for the other two adjoints.
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More generally, when A is a space (A,)+.r in context I', the composition functor sends a fibration (By)a:a
to the fibration:
z:a:ABa E'y:FEa:A,Y-Ba
(Ba)a:Al — l(za:A-yBa)'y:I‘

—_—> .
4 (Ay)vy:T r

Since the effect of composing a pair of fibrations is to “sum up the fibers” we also refer to the composition
functor as summation.

e When A is fibrant, the functor I14 defined by pushforward along !: A — A° sends a fibration (Bg)a.4 to a
space I1,.4 By, namely the space Map 4(A, B) of sections of the fibration:

Ea:ABa 1_[(L:ABa
(Ba)a;Ai — l!

A———5 AD

More generally, when A is a space (A )..r in context I', the pushforward functor sends a fibration (By)a:a
to the fibration:
Ea:ABa 2'y:I‘l_[a:An,Ba

(Ba)a:Al > l(na:A.yBa)'y:F

—_—» .
A (Ay)~:T r

The notations just introduced are “stable under substitution,” commuting with pullbacks. By the Beck-
Chevalley isomorphisms, the fibers over y of the composition or pushforward along a fibration (A, )..r agrees with
the spaces obtained by composition or pushforward over the space A, defined by the pullback:

A, — A

l - l(Am;r

Aﬁl‘.

LEMMA 2.6. The fibers over a generalized element v: A — T of a sum or pushforward are calculated by:

za:AwBa — E'*/:l—‘Z(;L:fL,BoL Ha:AWBa — Z'y:lﬂl_[u,:Aa,Bu,
l - l(za:AwBa)mr and l - l(na;AvBa)w
A———7T A——— T,

3 Path induction. We work with the spaces and families of spaces introduced above, with technical details
made precise in reference to the structures defined in Theorem 2.2 and elaborated further in [54, 59, 61].

For any space A, there is a natural path space factorization of the diagonal map defined by exponentiation
with the simplicial interval

(31) A4 A° Al = 4 AO - Al o qar (ool gy

This constructs a family of spaces over A x A whose total space is the path space AA" and whose fiber over
x,y : A we denote by x ~ y as we think of this family of spaces as defining a generalized binary relation on the
base space A. An element p : x ~ y of the fiber is a path from z to y in A

35~y*>AAl

|
l l(m"“y)m,y:A

A — 5 AxA.
(z,y)
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As a consequence of Theorem 2.2, the left map of (3.1), the inclusion of constant paths, is a trivial cofibration
in Quillen’s model structure, and as such has the right lifting property with respect to any family of spaces:

A——F Map(A2' | E)
reﬂ 2 lp (Ev)b:B ?ipo—oreﬂ
1
T> Map(A7 E) X Map(A,B) Map(AA 7B) .

As a further consequence of Theorem 2.2, this lifting property can be internalized. The canonical map from the
space Map(AAl,E) of maps from the path space of A to E to the space Map(A, E) Xwap(4,B) Map(AAl,B) of
commutative squares from refl to p is a trivial fibration, i.e., a “contractible family of spaces.” A section to this
trivial fibration gives a continuous choice of solutions to lifting problems from refl to p. The fiber over a vertex
(e,b) defines a contractible space; thus solutions to lifting problems from refl to p are “homotopically unique.”

By pulling back along the codomain b, to solve lifting problems of the form above it suffices to consider lifting
problems against families of spaces over the path space A2 whose codomain is the identity map:

e Map 4a1 (AAl,P) ap(A2', P)
A K;\ E path—indz\i—orcﬁ - ( lxo orefl
(3.2) reﬂ} ///'ﬂ lx - P s MapA\(A, Pen) — Map(A, P) X Map(A,481) Map(AAl,AAl)
AN —= 4 —— B l - l"
A° o Map(A&', AAYY

Here the da;ca of the lifting problem is given by a single map d: A — P that is a partial section of the fibration
x: P — A2 over the map refl.

P Peg —— P A--—-2 5 p
7 A N
, (Pa,y,p)a,y:A,pia~y — d(\ l(Pa,a,reﬂa)a:A (Pa,y,p)o,y: A piz~y s refl |2 (Pz,y,p)z,y:A,piz~y
/ \
1 1 1
Ay AN A= AN AD —— AD .
refl refl

As before, there exists a continuous choice of solutions to this lifting problem given by a section to the trivial
fibration displayed above-center in (3.2). We call this map path induction, using an analogy first observed by
Awodey and Warren [6] and Gambino and Garner [31]|. The existence of this map proves the following proposition:

PROPOSITION 3.3 (path induction, preliminary form). To define a section of a fibration over a path space
AAl, it suffices to define a partial section over the subspace refl: A >~ AR of constant paths:

d
_—
A — P
reﬂ} path-ind(refl—d) l(Pm,y,p)z,y:A,p:INy

AN AN

Path induction is a powerful proof technique, closely analogous to the principle of mathematical induction over
the natural numbers. By analogy with that case, it also has constructive content, allowing the “recursive” definition
of morphisms, though we follow convention and use the term “induction” for both induction and recursion.

Construction 3.4 (inversion). Even though the simplicial interval A! has no symmetries, when A is a space,
a path p : £ ~ y can be inverted to define a path p~': y ~ x. In other words, the path relation on spaces is
symmetric as well as reflexive. This symmetry can be defined as a continuous function on path spaces by path
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induction, whence it suffices to specify the inverse of constant paths, which we take to be constant paths:

~ _ .
reﬂ} (=)t J;(ywa)x,y;A (=)~ := path-ind(refl — refl).

AN s Ax A
(~Y)a,y:A

The full principle of path induction extends the version stated in Proposition 3.3 along two axes. The first
extension uses the fact that Quillen’s model structure satisfies the Frobenius condition [32]: The trivial cofibrations
are stable under pullback along fibrations. The operation of pullback along a fibration can be thought of as
introducing a trivial dependency and is referred to as weakening. A more general version of path induction states
that given a fibration over a weakening of a path space, to define a section it suffices to define a section over the
subspace of constant paths.

PROPOSITION 3.5 (path induction, intermediate form). Given a composable pair of fibrations x: Q — P and
p: P — A2 over a path space, to define a section of x it suffices to define a partial section over the pullback
along p of the subspace refl: A>>s A® of constant paths:

Prefl d
A Preﬂ 3 Q
L -
reﬂI? reﬂp{ path—%nd(reﬂpHd) J‘X:(Qp)prl’
1 -
AL 4——F—— P———P.

Construction 3.6 (concatenation). In a space A, paths p: x ~ y and ¢ : y ~ 2z can be composed to define
a path px q : x ~ z. The composition function, establishing the transitivity of the path space relation, can be
defined by path induction using the weakening of the reflexivity map displayed below-left:

A (Be:az~y)ya AAI AAI
- .
reﬁIZ (ireﬂ{z ’/,*// l(mwz)m7z:A * := path-ind(p, refl — p).
A>! A Ax A
(Ba:AT~Y)y 2 A, qiy~z (By:az~vy~2z)z 2:A

In summary, by path induction, the concatenation operation can be defined by specifying how to concatenate an
arbitrary path p: z ~ y by a constant path refl, : y ~ y, and we define concatenation with a constant path to be
the identity function.

This construction of the concatenation function avoids the use of any higher simplices, though by homotopical
uniqueness of solutions to lifting problems it is equivalent to the map defined by the more standard construction:

Ead

1 T e
(3.7) AZ = A2 9 (AL o o AM g~ opar =0

0y AN
Construction 3.8 (transport). Families of spaces (Bgy)q.4 are accompanied by path lifting or “transport”
operations that lift a path p: z ~ y in the base space A to a continuous map tr,: B, — B, between the fibers.
As before, this operation can be expressed as a continuous function between spaces, where the domain is
formed by pulling the domain projection evg: A® — A back along p: B — A:

A (Ba)a:a B - B
_ -
reﬂIZ mﬂxl} o lp:(By)y:A tr := path-ind(refl, u — u) .
AA «  AAYUB ’—»
(Ba:)z,y:A,p:zNy XA (Ew:A(zNy)XBz)y:A

In summary, the transport operation is defined by path induction by declaring that transport along a constant
path is the identity function.

Copyright © 2026 by SIAM
Unauthorized reproduction of this article is prohibited



The second extension of the homotopy type theoretic principle of path induction allows A to be a space in
context I', starting from an arbitrary family of spaces (A,),.r, whether or not the base T is fibrant. In context
I, we replace the path space factorization (3.1) by the fibered path space factorization, a construction which is
stable under substitution:

A AN L Ax A Aj » A
" — & <
Al hp A NES Al tha Af Al hp A
3.9 4 = ~ ~
(39) ST T AxrA T T A xa Ay s Axp A
rk ra I'xTD A i s T

The inclusion refl: A>>+ A' p A is a trivial cofibration so we have a lifting property exactly as above. This
proves the general form of the path induction principle.

PROPOSITION 3.10 (path induction, final form).  Given a composable pair of fibrations x: @ — P and
p: P — Al thp A over a path space in any context T, to define a section of x it suffices to define a partial section
over the pullback along p of the subspace refl: A>>s Al hp A of constant paths:

Prcﬂ % A Prcﬂ 4(1% Q
. =
reﬁp} {reﬂ ~ reﬁp} path—i»nd(reﬂ,,»—>d) lX:(Qp)p;p
P————5 Althp A PY——Pp.

Remark 3.11. Proposition 3.10 is a precise analog of Proposition 3.5 just interpreted in the slice 1-category
sSetp instead of in sSet. Crucially, all of the properties of Theorem 2.2 are stable under slicing, meaning inherited
by all sliced 1-categories sSet,r. In particular, this is why we described Quillen’s model structure as simplicial
(enriched over Quillen’s model structure on simplicial sets) rather than cartesian closed (enriched over itself),
because the former property is stable under slicing while the latter is not.

4 Univalent universes. In §4.1, we construct spaces whose points encode proofs of mathematical
propositions, following [59, §4], where more details can be found. In §4.2, we introduce Voevodsky’s univalence
axiom and sketch a modern approach to constructing univalent universes due to Shulman [61]. In §4.3, we tour
a few standard applications, which are described in more detail in the textbooks [66, 58, 9].

4.1 Propositions as spaces. The adjoint triples ¥y 4 f* - II; (2.3) can be used to construct spaces
in the empty context or fibrations in a general context I' whose global elements—points in the former case and
sections in the latter case—provide data witnessing the proof of some proposition. Thus, these spaces exhibit
mathematical propositions as homotopy types. By Remark 3.11, our constructions equally make sense in slices
sSetr, so we leave the context I' implicit in our notation, representing a family of spaces (A, )..r as a space “A”

and reverting to the notation A2 for the path space in context T.
Construction 4.1 (contractibility). Fix a space A. The pushforward of the path space family (z ~ y)zy:4

along the projection away from the second coordinate defines the family of spaces (II. 4z ~ y)s:4, and then the
sum along the projection away from the first coordinate defines the space ¥,. 41l 42 ~ y.

AAI Ew:AHy:A-T ~Y ZI:AHy:A-T ~Y
l(x’\’y)m,y:fl — l(ny:AxNy)m:A — l!
Ax A A A

A global element of ¥,.4Il,. a4z ~ y defines an element a : A together with an element of the fiber I, 4a ~ vy,
which is a section of the based path space fibration. This data proves the contractibility of A, and thus we define

isContr(A) := X, all a2z ~ y.
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An example of a contractible space is a based path space, defined for a fixed point a : A by

Yypaa~y — AN

i - l(zy:Aﬂmy)w:A

A —— 5 A

A proof that ¥,.4a ~ y is contractible defines a global element of isContr(¥X,.4a ~ y), but we can do better.
When we “fix a point a : A” or “let a be a point A,” we are introducing the space A as the context. Thus, our
based path spaces are more properly thought of as families of spaces (X,.4a ~ ¥)a.4 € sSet 4.

By Remark 3.11, the construction of Construction 4.1 can be interpreted in any context. When applied to
a fibration (A,)..r it defines a fibration isContr((A,)..r) = (isContr(A,)),.r € sSet,r whose fiber over v : T’
is the space isContr(A,) by Lemma 2.6. When applied to the fibration (Xy.4a ~ ¥)a:4, we obtain a fibration
(isContr(X .40 ~ x))a:a € sSet;4 admitting a section, which proves the contractibility of the based path spaces,
simultaneously and continuously for all a : A. Indeed:

LEMMA 4.2. A family of spaces (A,).r defines a contractible family of spaces if and only if and only if
isContr((Ay))~.r € sSet,r has a section.

Construction 4.3 (equivalence). Consider a map f: A — B between spaces. The familiar mapping path space
construction below-left defines a family of spaces (fibsb)y. 5 as below-right:

YaaSpfa~b — BA fibsb == Sa.afa ~ b — SppTaafa~b
(faNb)a;A,b;Bl - l(m'\/y)wyy:B PONS i N l(za:AfaNb)b:B
AxB ——— s BxB AY B
fxid b

This allows us to define the space
isEquiv(f) := I, gisContr(fibsb).

As the terminology suggests, a point in the space isEquiv(f) proves that f: A — B is an equivalence between
spaces. Such a point provides the data of a section to the fibration below-left:

Zb:BisContr(fibfb) Eb:Bﬁbfb
?l(isContr(fibfb))b;B PUNS Z\l(ﬁbf b)b:B
B B.

Passing to the center of contraction, this defines a section to the fibration above-right, which gives the data of a

continuous function g: B — A together with a homotopy 5 : Il.g fgb ~ b. The remaining data—which witnesses

that the fibers are contractible, not just inhabited—can be used to construct a second homotopy « : Il;.a9fa ~ a.
Again, this construction can be interpreted in any context:

LEMMA 4.4. A map f between families of spaces over T' is an equivalence if and only if isEquiv(f) € sSet,p
has a section.

Construction 4.5 (equivalences). For spaces A and B, define a space
A~ B = %4, pisEquiv(f).
Here, we are using A — B as alternate notation for the mapping space Map(A, B) = B4. The space A ~ B has

a natural projection map to the mapping space A — B, which is a homotopy monomorphism because the space
isEquiv(f) is a proposition: if isEquiv(f) contains any points, then it is contractible.
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4.2 Constructing univalent universes. The previous constructions were defined in the context of
arbitrary spaces A and B. These can be regarded as constructions in context U x U, where we use a universe U
of small? spaces to define our context. Our next task is to define this space U.

What we seek is both a space U of small spaces and a universal family (A)a.qs of small spaces so that
generalized elements A: I' — U define families of small spaces in context I':

A——s U
(4.6) (Awml - l(A)A;z,{

FTH/{.

The universal family of small spaces is known as an object classifier, in analogy with the subobject classifier that
can be found in any elementary 1-topos.

Following Voevodsky [39], the universe is the fundamental ingredient used to solve the coherence problems
inherent in interpreting the strict syntax of homotopy type theory (where in particular, the substitution operation
is defined up to equality) in a l-category, where constructions like the pullback (4.6) are only defined up
to isomorphism, or even worse in an (oo-)category, where constructions like (4.6) are only well-defined up to
equivalence. Hence, we construct the universe in a strict 1-categorical presentation of the (co-)category of spaces,
such as given by Theorem 2.2, and require the classifying pullbacks to be 1-categorical rather than (co-)categorical.

Naively, it appears that the 1-categorical universal property of the universal family (A)4., states that it
represents small families of spaces. But this is not quite correct, because small families of spaces with the
substitution action define a 1-groupoid valued pseudofunctor, rather than a strict set-valued functor; see [54, §4.1]
for discussion. Shulman introduces an axiomatic notion of fibred structure [61, §3], which in particular defines a
1-groupoid-valued pseudofunctor F. Examples include pullback stable families of morphisms, like the fibrations
in a Quillen model category, but also examples where the notion of “fibration” is encoded by additional structure
borne by, rather than a mere property of, a map. In a Grothendieck 1-topos with a Cisinski model structure like
in Theorem 2.2, any notion of fibred structure F that satisfies a size condition—is small groupoid valued—and
a locality condition—is locally representable—admits a universe U with a map k;; — F that is a “surjective
equivalence” in a suitable sense [61, 5.10]. By the Yoneda lemma, this data encodes a fibration (in the sense of
the notion of fibred structure F) over U, defining the desired universal family v: U — U of spaces.

The univalence axiom characterizes the paths (A ~ B)a pus in the universe in terms of another universal
family. Consider the family of spaces (A ~ B)a puy encoding the universal equivalence, as defined by
Construction 4.5. By construction, a generalized element

A~B —— Eq4)

el -
! (A~B)a,B:u
\

quxu

encodes an equivalence e: A ~ B between the families of spaces over I' classified by the maps A, B: ' — U.

DEFINITION 4.7 (Voevodsky [39]). The fibration v: U — U is univalent if the comparison map from the
path space to the space of equivalences defined by path induction is an equivalence:

U —94 s Eqd)
reﬂ} path_to_‘é: l(A'ZB)A,B:M path-to-eq := path-ind(refl — id).

-

Al
u (ANB)A,B:uu xUu

2Here “small” means that the cardinality of the fibers is bounded by some infinite regular cardinal k—an implicit parameter in
everything that follows—which is often assumed to be inaccessible so that the universe is closed under all of the desired type theoretic
operations. See [61, §4] for an abstract treatment of the cardinality restrictions required to define universes.
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4.3 Applications of Univalence. Univalence implies that the synthetic language for spaces is natively
“derived,” with all constructions respecting equivalences between spaces. A construction on spaces can be
interpreted as defining a family of spaces (Fx)x.s over the universe Y. By Construction 3.8, a path p: X ~ Y
between spaces X,Y : U defines a transport function tr,: Ex — Ey. By another application of path induction,
this transport function is an equivalence, since this is true in the case of transport along constant paths, given by
the identity function. By univalence, an equivalence X ~ Y can be converted into a path X ~ Y giving rise to
an equivalence Fx ~ Fy.

The universe can also be used to define other classifying spaces. Univalence is then used to characterize their
path spaces by means of a family of theorems known as the structure identity principle |26, 2].

Ezample 4.8. For any natural number n, define Fin,, := X x./|jn ~ X|| to be the space of n element spaces,
i.e., the subuniverse of spaces that are equivalent to the discrete space n on n points. Here, the “||||” denotes the
propositional truncation, meaning that the data of an explicit equivalence n ~ X is not recorded. It follows that
the natural projection map from Fin,, to U/ is a homotopy monomorphism. The space Fin,, is naturally regarded
as a based space, with n : Fin,, serving as the base point.

By the univalence axiom, Fin,, is a 1-type, with all homotopy groups vanishing above dimension 1. Paths in
Fin,, are equivalent to paths in &/ between the objects in Fin,; in particular, since all X, Y : Fin,, are equivalent to
n and thus to each other, the space Fin,, is 0-connected, i.e., has a single path component. By univalence, paths
X ~ Y in Fin,, are equivalent to equivalences X ~ Y. It follows that the based loop space Q(Fin,) :=n ~ n is
equivalent to the space of equivalences n ~ n, better known as the symmetric group ¥,, on n elements.

As noted in Example 4.8, the space Fin,, is a pointed, 0-connected, 1-type whose loop space is the discrete
space %,. Thus, we have the alternate notation BY,, := Fin,, that is more amenable to generalization.

Example 4.9. For a discrete group G, there is a standard “analytic” construction of its classifying space as
the geometric realization of the nerve of the strict 1-category with one object whose endoarrows are elements of
the group G. As this construction involves a left adjoint (2.1), it is somewhat delicate to establish the mapping in
universal property of the space so-constructed. Using the language for synthetic spaces, we can instead construct
BG as the space spanned by those X : U that are G-torsors, those O-types X equipped with a free and transitive
G-action. To define a family of G-torsors over a base space I' is then just to define a map X: I' — BG.

Example 4.10. Extending the perspective on groups introduced in Example 4.9, we may define the space
of groups to be the space of pointed, 0-connected, 1-types. Alternatively, we can define the space of groups
following the standard definition: “a group is a discrete space, with a binary multiplication, satisfying axioms” as
we illustrate in the simpler case of H-spaces:

H‘SPC = EX:Z/{EE:XEM:X><X—>XH;£:XE)\w:M(e@)Nwzpw:u(x,e)wm)\e ~ Pe-

By univalence, paths in H-Spc are equivalences of H-spaces via H-space homomorphisms; this is an instance of
the aforementioned structure identity principle. Similarly, paths in Group are group isomorphisms [58].

Both spaces of groups just described—the “concrete” groups, as encoded by their classifying spaces BG, and
the “abstract” groups, as captured by the usual set-theoretic definition—are equivalent. For a development of
group theory from the perspective of classifying spaces, see [9].

An advantage of the classifying space approach is that it allows many constructions of group theory to extend
to higher groups. If a : A is a point in an arbitrary space A, we may form the space BAut(a) = 3. 4|la ~ z|| by
generalizing the construction used in Example 4.8. This is again a pointed space, with basepoint a : BAut(a), and
one recovers the higher automorphism group Aut(a) as Q(BAut(a)) .= a ~ a. If A is an (n + 1)-type, then so is
BAut(a), and the based loop space Aut(a) is n-truncated. This constructs an example of an (n 4 1)-group, where
the notion of 1-group recovers the standard examples of automorphism groups of discrete spaces. In particular,
we may form BAut(A) associated to A : U and immediately from its definition a map X — BAut(A) is a family
of spaces over X whose fibers are equivalent to the space A.

In general, we define a higher group to be a pointed connected space BG, where G = QBG is the carrier
space for the higher group and BG is the classifying space. Groups with untruncated classifying spaces are oo-
groups, while groups with (n + 1)-truncated classifying spaces are (n + 1)-groups. An action of a higher group

3The extra coherence Ae ~ pe is added to the usual definition to give a better-behaved moduli space of H-spaces [13].
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BG on a space X is just a map X : BG — U sending the basepoint of BG to X : U{. Thus an action provides
a family of spaces (X,)..pg over BG. The invariants and coinvariants of this action are given by the spaces
XMG =1I,.pcX. and X, = X G = X..pcX. respectively. See [14] for considerably more.

5 A language for synthetic categories In the language for synthetic categories—introduced in [55] and
now commonly referred to as simplicial homotopy type theory or simplicial type theory—we extend the language
for synthetic spaces with an axiomatic directed interval 2 satisfying strict interval axioms. That is 2 is equipped
with distinct elements 0,1 : 2 and a binary predicate (z < y); 4.2 that is reflexive, antisymmetric, transitive, and
total, with minimum 0, maximum 1. We think of the object 2 as the “walking arrow,” with source 0 and target 1.
Following the construction of Joyal’s proof that the classifying 1-topos of the theory of the strict interval is the
1-category of simplicial sets [45, §VIIL.8], we build a “walking composable pair of arrows” 3—which we identify
as the subspace of the square 2 x 2 carved out by the predicate (y < ), ,.2—or more generally, the “walking
composable sequence of n arrows” n+1 for each n > 0. The language may also be used to construct face inclusions
5:n = n+1 and degeneracy maps o?: n + 1 — n defining the cosimplicial object below-left:

7629 752%
751% <;0_07 7519 <‘0’07
(5.1) 1¢50-2 5> 3 = A0 50— Al —515 A2
750% <;0_17 7509 <‘0’17
7609 750%

We may think of this simplicial structure as freely added to the very convenient category of spaces introduced
in §2, and thus our basic semantic setting is sSet ~* —a strict 1-category whose objects we refer to as simplicial
spaces. This is again an oo-topos, and in particular a locally cartesian closed category, for which all of the
constructions §2-4 apply. In sSet ~ the walking arrow is interpreted by the discretely embedded representable
A' and similarly for the other objects in the diagram (5.1). Indeed, it is conventional to reuse the simplicial
notation for the walking arrows just constructed—A° := 1, Al .= 2, A% := 3, etc—as indicated on the right-hand
side of (5.1). More generally, we’ll use simplicial notation such as A? C A? for discretely embedded simplicial
spaces, i.e., for simplicial objects valued in discrete spaces.

Warning 5.2. Beware that the object used to define the path space factorization in (3.1) is distinct from the
simplicial space A! := 2 used here: that object is a constant simplicial object valued in a non-discrete space.
Because the map refl defining the inclusion of the subspace of constant paths is an equivalence, we may use A as
an equivalent representation of the total space of the path space family on A on the occasions it appears here.

In an attempt to be as concrete as possible, we’ll refer to “simplicial spaces” in what follows, but the semantics
of the language of synthetic category theory is more general, interpretable in the category of simplicial objects in
any oo-topos [55, 69].

Construction 5.3 (arrows). For a simplicial space C, we define a family of simplicial spaces (Hom(z,¥))s,y:c
by exponentiation with the walking arrow:

A? 4 A0 Al A0 . c—dd_, gat Lol oo o

We refer to an element f : Hom(x,y) of the fiber as an arrow from z to y in C.

Hom(z,y) — CA'

l ’ J‘(Hom(%y))m,y:c

A ——— OxC.
(z,y)

Thus, all simplicial spaces C' have families of arrows (Hom(z, y))4.,:c as well as identity arrows id, : Hom(z, )
for each z : C defined by the partial section id: C' — CA'. But not all simplicial spaces should be thought of as
categories. A precategory is a simplicial space C so that all pairs of composable arrows have a unique composite
as is made precise by the following definition.

DEFINITION 5.4. A simplicial space C' is a precategory if the map cA’ o oM defined by the inclusion
A2 — A? is an equivalence.
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A precategory C has a canonical composition function defined for any triple of elements z,y, z : C
Hom(y, z) x Hom(z,y) —— Hom(z, 2) .

This map is defined by identifying a composable pair of arrows g, f with an element (g, f) : C’Af, then using the
inverse of the equivalence of Definition 5.4 to extend this data to a pair of composable arrows comp(g, f) : C’Az,

and finally precomposing with the function 6': A" — A2 to obtain an arrow go f : CA' from z to z, i.e., by the
analogous construction of (3.7). But there are several advantages to giving the definition in the form that we did.

LEMMA 5.5. In a precategory C':
o For all f:Hom(z,y), foidy, ~ f andidyo f ~ f.
e [or all composable triples of arrows h, g, f, (hog)o f ~ho(go f).

These properties both follow from the higher structure inherent in the equivalence of simplicial spaces of
Definition 5.4 and would not follow automatically from an axiomatized binary composition function. Another
useful consequence is “functoriality for free,” essentially by commutativity of pre- and post-composition in the
category of simplicial spaces:

LEMMA 5.6. Any function F: C — D between precategories is automatically functorial, preserving both
identities and composition.

The simplicial space of isomorphisms between elements z,y : C' in a precategory is defined by
T =y =3 f.Hom(s,y)iSIS0(f) where islso(f) = (Sg:Hom(y,2)9 © f ~ ids) X (Zh:Hom(y,z)f © h ~idy) .

The unexpected complexity in the definition of islso(f) is because in the higher setting we must use a homotopy
coherent model of the free living isomorphism 1 in sSet.

DEFINITION 5.7. A precategory is a category if for all x,y : C, the natural map is an equivalence:

path-ind(refl—id)

C ct

CxC.

DEFINITION 5.8. A simplicial space C' is a groupoid if for all x,y : C, the natural map is an equivalence:

path-ind(refl—id)

cA'

C
mw,k Am(x,y))m,y:c

CxC.

One can show that a groupoid is a category in which all arrows are isomorphisms, meaning the restriction
C" — C? defined by the family (islso(f))f:CAl is an equivalence.

6 Arrow induction. Arrow induction extends the Yoneda lemma from traditional category theory, which
describes the mapping out universal property of a representable functor. To use more familiar language, we refer
to “categories” here but all the results about categories in this section actually apply in the more general setting
of precategories, satisfying only Definition 5.4.

There are various formulations of the Yoneda lemma for families of categories first described by Street [65],
then adapted to the higher categorical setting by [56, 57], and to the setting of synthetic categories by [55, 15, 70].
Here we present the variant that is easiest to explain, rather than the most general, developing the Yoneda lemma
for families of co-groupoids that vary covariantly functorially in arrows in the base co-category. Other variants
consider families of co-categories which might mix covariant and contravariant dependencies.
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6.1 Arrow induction for covariant families. Fixing a category C' and element ¢ : C, the covariant
representable functor is encoded by the family of simplicial spaces (Hom(c, x)),.c. This family has a special
property of being covariant, meaning any arrow f: Hom(x,y) in the base simplicial space lifts uniquely to an
arrow in the total space with specified source.

DEFINITION 6.1. A family of simplicial spaces (Ey)..p is covariant if for all arrows f : Hom(x,y) in B the
Junction evo: Hypa1 By — By is an equivalence.

Here IT;. a1 E(4) is the simplicial space of arrows in the family living over the arrow f in the base. Definition 6.1
asserts that such arrows are uniquely determined by their source, or equivalently that the square

EAY oy B
(6.2) (nt:AlEf(t))f:BAli - l(EmB s ynt By —=— E, for all f: Hom(z,y) in B

Al
B= —-» B

is a pullback in the higher categorical sense. By a contractibility argument:

LEMMA 6.3. If (E.)..5 is a covariant family of simplicial spaces, then the fibers E, are groupoids.*

We now explain the terminology “covariant.” For each arrow f : Hom(z,y) in the base of a covariant family,
there is a map between the fibers f.: E, — E, defined by composing the inverse of the equivalence of Definition 6.1
with the other projection evy: .2 Efyy — E,. As with Definition 5.4, the advantage of formulating Definition 6.1
as we did is that it follows that these actions are covariantly functorial when the base is a category:

LEMMA 6.4. When B is a category and (E,)..p is a covariant family of simplicial spaces, the action of arrows
in the base on the fibers is covariantly functorial: we have id;(u) ~ u for u : E; and (go f).u ~ g.«(fsu) for
u: Ey, f:Hom(z,y), and g : Hom(y, z).

Just as functoriality comes for free for synthetic categories, naturality comes for free for maps between
covariant families:

LEMMA 6.5. Given covariant families (Ey)z.p and (Fy)..5, any fiberwise map ¢ : . g(E, — F.) as below-
left is automatically natural: for any f : Hom(z,y), the diagram below-right commutes up to homotopy.

E-25F Ez‘%)Fw

B

E, — F,.
by
LEMMA 6.6. A simplicial space C is a precategory if and only if for each ¢ : C, the family (Hom(c,x))..c
is covariant, in which case the action on fibers f.: Hom(c,z) — Hom(c,y) coincides with composition
f o—: Hom(c,z) — Hom(c,y) with f : Hom(x,y).5

We can now state the arrow induction principle.

PROPOSITION 6.7 (arrow induction). Fiz a category C, an element ¢ : C, and consider the covariant family
(Hom(c, z))..c whose total space is the coslice category /C of arrows under c. To define a section of a covariant
family over the coslice category °/C, it suffices to define the image of the identity arrow id. in the fiber Fiq, .

AO— 4
P
idcl arrow-ind(id.—d) l(Ff)f:c/C

/0 e ©IC.

4The original reference [55, 8.18] assumes that the base B is a precategory, but this hypothesis is unnecessary, as has been verified
in an accompanying library where results about synthetic categories have been formalized in the computer proof assistant Rzk [1].

5The original published proof of this result [55, 8.13] had an error of circular reasoning that was uncovered in the process of
formalizing the proof in Rzk [42].
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The semantic justification for Proposition 6.7 is similar to the justification for Proposition 3.3. The functor
id.: A — ¢/C is initial, which in this instance just means that id. : “/C is an initial element. Initial functors
i: A — X have aleft lifting property against covariant families (F})p. 5, which may be internalized to the statement
that the induced map on mapping spaces is a trivial fibration

A—— E Map(X, E)
P B
ZJ/ /// lP:(Eb)b:B s ! ipofoz’
X — B Map(A, E) Xnap(a,) Map(X, B) .

When expressed internally to the language of synthetic categories, arrow-induction provides a section to the map

Map.,(¢/C, F) Map(¢/C, F)
n i 7
A0 4 arrow-ind | i—oidc ! ZipofoidC
~ ' '
id{ lp:wf)f;c/c Map(A®, Fa,) —— Map(A®, F) Xypap(a0./cy Map(®/C, °/C)
elg —— <IC l - |r
0 c c
A ) Map(¢/C, ¢/C) ..

Arrow induction defines an equivalence between the sections of a covariant family (F);.c,c and the fiber Fiq,:

€Vid,

Map.,(¢/C, F) —% Fq. .
Y. -

arrow-ind

6.2 The Yoneda Lemma. In [55], Proposition 6.7 is referred to as the dependent Yoneda lemma. The more
familiar Yoneda lemma can be derived as a corollary. Consider a category C, an element ¢ : C, and a covariant
family (Fy)z.c. By Lemma 6.5, II,.c(Hom(c,z) — F,) defines the simplicial space of natural transformations
from the first family to the second. There is a map from the simplicial space of natural transformations to F,
that sends ¢ to ¢.(id.) that we refer to as eviq.

PROPOSITION 6.8 (Yoneda lemma). For a category C, an element ¢ : C, and a covariant family (Fy)z.c, the
natural map is an equivalence:

(I1,.c(Hom(e, ) — Fy)) ERALLINY A

In the internal language for synthetic categories, Proposition 6.8 is arguably both simpler to state and prove
than the Yoneda lemma for strict 1-categories [53]. In our semantic setting, the argument is as follows:

~

Proof. In the following diagram, note that by the universal property of the pullback Mapc/C(C/C,P) =
Map(¢/C, F) and Py, = F,. Thus, the top left-hand map below-right encodes the desired equivalence:

c Map.,(/C, P) Map(“/C, P)

/_\ " | n

AO d P F arrow-indl\ i*oidc ! iXO*Oidu
///7 J ) '

idc} ///”/ lx l(Fz)z:C PO Map(AO7 Pidc) — Map(on P) XMap(AO,C/C) Map(C/Ca C/C)
c/, /7 c/, - -
¢ qum(C,m))m:CC l i
0 c c
A = Map(¢/C, /C) .

d

7 Directed univalent universes. Simplicial type theory is an efficient formal system to state and prove
theorems about categories [7]. But the original formulation of [55] does not provide any techniques for building
examples of synthetic categories. As we saw in §4.3, interesting examples of synthetic spaces can be built from
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the universal family of spaces. In this section, we will sketch the construction of an analogous universal covariant
family of simplicial spaces. As a consequence of a directed analog of Voevdosky’s univalence principle, the base of
the universal covariant family is a category. By Lemma 6.3, its fibers are groupoids, aka “spaces” in our present
terminology, so this defines the category of spaces, which can be used to construct other interesting examples.

In §7.1, we adapt the approach of [61] to construct a directed univalent universe of simplicial spaces—or
more generally, in a strict 1-categorical presentation of the category of simplicial objects in any oo-topos—
previewing results from forthcoming joint work with Cavallo and Sattler [17]. There are various other approaches
to constructing a directed univalent universe of spaces or categories [49, 44, 40, 22, 68, 24, 33]. In §7.2, we very
briefly sketch applications; see [24, 23, 33] for more.

7.1 Constructing directed univalent universes. As discussed in §4.2, our objective is to define a
universal covariant family of simplicial spaces so that I'-indexed generalized elements define covariant families of
small simplicial spaces in context I'. We work in the strict 1-category of simplicial objects in a type theoretic
model topos, for which the l-category sSet * introduced in §5 is the basic example; we continue to refer to
generic (fibrant) objects as simplicial spaces. In that setting, our covariant families are more commonly called left
fibrations, these being maps p: E — B that define fibrations in the ambient model structure with the property that
the induced map to the strict 1-categorical pullback in the commutative square (6.2) is a trivial fibration. We show
that suitably structured left fibrations define a notion of fibred structure that is small groupoid valued and locally
representable, and thus admits a universe g: S, — S that is univalent, satisfying the condition of Definition 4.7.
The covariant universe S has a classifying property analogous to (4.6) that implies that any small covariant family
(A,)~.r has an “straightening” into a functor A: I' — S whose pullback recovers the “unstraightened” covariant
family of small groupoids

A—— S,

(A«/)v:rl B le

I‘T>S.

By univalence of p: S¢ = &, equivalent covariant families over I' are classified by homotopic functors into S.

The directed univalence axiom characterizes the arrows (Hom(A, B))a p.s in S in terms of another universal
family. There is a family of simplicial spaces (A — B) 4, p.s defined by using the internal hom in the category of
simplicial spaces over S x § [64, 6.2.2]. By construction a generalized element

(A — B) —— Fun(S,)

e?l - l(A*)B)AvB:S
T W SxS

encodes a function f: A — B between the covariant families over I" classified by the maps A, B: I' — S.

DEFINITION 7.1. The fibration ¢: S, — S is directed univalent if the comparison map from the space of
arrows to the space of functions defined by arrow induction® is an equivalence:

S —9 5 Fun(S,)

-
ldI arr—to—fujn
INR
——» X
S (HOm(A,B))A‘B:sS S

J}AHB)A hs arr-to-fun := arrow-ind(id — id) .

See [17] for more details and a proof that the universal covariant family ¢: Se — S is directed univalent.
There we also establish a “higher” version of directed univalence defining an equivalence between the simplicial
space of n composable arrows in § and the simplicial space of n composable functions between covariant families
over §. We also show that the functorial action in the universal covariant family is given by function composition.

SHere the arrow induction principle of Proposition 6.7 should be interpreted in context S, holding the variable A : S fixed.
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7.2 Applications of directed univalence. The higher version of directed univalence can be used to
provide the first example of a synthetic category.

COROLLARY 7.2. The base of the universal covariant family defines a category.

As noted above, by Lemma 6.3, the points in S are groupoids, aka spaces, so we refer to the base of the
universal covariant family as the category of spaces. The total space S, of the universal covariant family is a
category as well, namely the category of pointed spaces (A, a), explaining our notation.

A— S,

al| -
| 4
\

0
AT>S.

A useful consequence of univalence, mentioned in §4.3, is the structure identity principle, characterizing path
spaces of various classifying spaces built from the universe. Similarly, directed univalence implies a directed
analog, which we might call the structure homomorphism principle, identifying the arrows in various classifying
categories built from the universe as homomorphisms of the appropriate structures [68, 33]. For example, arrows
in the category S, of pointed spaces can be identified with pointed functions.

Ezxample 7.3. We can define the simplicial space of magmas in S by
Magma := Y 4.sAx A — A.

The elements are spaces A equipped with a binary operation y: A x A — A. By directed univalence, Magma is a
category whose arrows are homomorphisms. For other examples, see [33, §6].

8 Vistas. To conclude we highlight ongoing work involving related ideas.

8.1 Computational homotopy type theory. While homotopy type theory is now almost two decades
old, the precise rules of this formal system are still under development. One motivation for further innovation
is to restore some of the metatheoretical properties of intensional dependent type theory, which as a foundation
for constructive mathematics satisfies canonicity and normalization. In such a system a proof establishing the
existence of an integer n with a certain property—such as famously Brunerie’s proof that ;5% is Z/nZ for
some n : Z—can be compiled out to calculate the value of n [12, 43]. This motivated various cubical variants
of homotopy type theory surveyed in [16], though there are still some open questions concerning the precise
homotopy theoretic semantics of such systems [5, 18].

A related objective is to convert the equivalences characterizing identity types—such as those given by the
structure-identity principle—into definitional equalities. Such a system, called Higher Observational Type Theory,
is currently under development by Altenkirch, Kaposi, and Shulman, extending prior joint work on internal
parametricity [3], and has an accompanying experimental proof assistant NARYA.

8.2 Multimodal simplicial type theory. Theorems about spaces that are not equivalence-invariant
cannot be correctly stated or proven in homotopy type theory for the reasons discussed in §4.3. Similarly,
constructions involving categories that are not functorial or natural cannot be correctly stated or prove in
simplicial type theory by Lemmas 5.6 and 6.5. Thus, further axioms or extensions of this formal system are
needed to redevelop the full analytic theory of categories in a synthetic setting.

Work in progress towards this goal is being pursued by Cisinski, Cnossen, Nguyen, and Walde [23] and
Gratzer, Weinberger, and Buchholtz [33, 34]. The latter project extends the simplicial type theory with various
modalities, which, for instance, might distinguish between contexts that are categorical or groupoidal and limit
the use of variables in certain circumstances.

8.3 Synthetic mathematics. Synthetic mathematics, in the tradition of Euclid, is experiencing a revival,
perhaps in relation to recent advances in computer proof assistants, which can help mathematicians trained in one
formal framework learn to reason in another [62]. A new proposed synthetic approach to algebraic geometry by
Blechschmidt and Cherubini, Coquand, and Hutzler provides axioms internally to the Zariski topos as a higher
topos, so as to have direct access to higher homotopy types to reason about cohomology [10, 21|. There are
similar new proposed synthetic approaches to condensed mathematics intended to provide internal languages for
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the

1-topos of light condensed sets or the higher topos of light condensed anima developed in forthcoming work

of Barton and Commelin and by Cherubini, Coquand, Geerligs, and Moeneclaey [20].
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