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On “higher structures”
Nicolas Bourbaki famously based the Éléments de mathématique on an abstract
mathematical notion of structure: sets, with functions and relations, satisfying axioms.

contractible
propositions

sets≔0-types
1-types

spaces

⋯

We use “higher structures” to refer
to analogous objects built from
spaces/homotopy types/anima

instead of sets.

Example: (ordinary) categories involve
• a set of objects 𝐶
• sets of arrows (Hom(𝑥, 𝑦))𝑥,𝑦∶𝐶
• a composition function, etc.

Example: (higher) categories involve
• a space of objects 𝐶
• spaces of arrows (Hom(𝑥, 𝑦))𝑥,𝑦∶𝐶
• weak composition, etc.

In more standard terminology: (higher) categories ≔ ∞-categories ≔ (∞, 1)-categories.
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Reimagining the foundations of higher category theory

III. Synthetic: in a domain-specific language
(Riehl–Shulman, Weaver–Licata, Buchholtz–Weinberger,
Gratzer–Weinberger–Buchholtz, Riva, Cnossen–Kobe, …)

II. Axiomatic: aka “model-independent”
(Toën, Barwick–Schommer-Pries, Riehl–Verity, Haugseng, Cisinski–
Cnossen–Nguyen–Walde, …)

I. Analytic: using concrete “models”
(Boardman–Vogt, Dwyer–Kan, Hirschowitz–Simpson, Rezk, Pellissier, Bergner,
Joyal, Lurie, Joyal–Tierney, Verity, Simpson, Barwick–Kan, …)

“analytic” :: ℝ defined using Cauchy sequences or Dedekind cuts

“axiomatic” :: ℝ as a complete ordered field
“synthetic” :: non-standard analysis in internal set theory

https://higher-structures.math.cas.cz/api/files/issues/Vol1Iss1/RiehlShulman
https://dl.acm.org/doi/abs/10.1145/3373718.3394794
https://higher-structures.math.cas.cz/api/files/issues/Vol7Iss1/BuchholtzWeinberger
https://arxiv.org/abs/2602.02218
https://elearning.uni-regensburg.de/pluginfile.php/4742062/course/section/964050/DirectedSyntax.pdf?time=1761054803423
https://hottest-seminar.github.io/hottestfiles/Cnossen-2026-02-19.pdf
https://hal.science/hal-00772983v1/document
https://doi.org/10.1090/jams/972
 https://doi.org/10.1017/9781108936880
https://runegha.folk.ntnu.no/naivecat_web.pdf
https://drive.google.com/file/d/1lKaq7watGGl3xvjqw9qHjm6SDPFJ2-0o/view
https://drive.google.com/file/d/1lKaq7watGGl3xvjqw9qHjm6SDPFJ2-0o/view
https://link.springer.com/book/10.1007/BFb0068547
https://doi.org/10.1016/0022-4049(80)90049-3
 https://doi.org/10.48550/arXiv.math/9807049
https://www.jstor.org/stable/221843
https://arxiv.org/abs/math/0308246
https://www.sciencedirect.com/science/article/pii/S0040938307000158
https://doi.org/10.1016/S0022-4049(02)00135-4
https://press.princeton.edu/books/paperback/9780691140490/higher-topos-theory?srsltid=AfmBOooPFNu2CPQgxLTP0aeCE3zLv6Y0n63087EU0kR6pKeX-bcD7pSp
https://arxiv.org/abs/math/0607820
https://www.sciencedirect.com/science/article/pii/S0001870808001539
https://www.cambridge.org/core/books/homotopy-theory-of-higher-categories/D405909D0C641C7504124A7A3E7039F0
https://www.sciencedirect.com/science/article/pii/S0019357711000620
https://projecteuclid.org/journals/bulletin-of-the-american-mathematical-society/volume-83/issue-6/Internal-set-theory-A-new-approach-to-nonstandard-analysis/bams/1183539849.pdf
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Computer formalization of synthetic homotopy theory

Motivation: synthetic proofs/constructions are more easily formalized.

Synthetic spaces via homotopy type theory (in Agda, Cubical Agda, Lean2, Rocq)
Blakers–Massey theorem, coherent idempotents, cohomology rings with computations,
Eckmann–Hilton argument, Eilenberg–MacLane spaces, Eilenberg–Steenrod axioms,
Freudenthal suspension theorem, (central) H-spaces, hairy ball theorem, Hilton–Milnor
theorem, Hurewicz theorem, localizations, real projective spaces, Serre finiteness
theorem, Serre spectral sequence, the syllepsis, Whitehead products, 𝜋3𝑆2, 𝜋4𝑆3, …

Analytic spaces in Mathlib (in Lean4)
• Eckmann–Hilton argument
• definition and calculations of a few trivial homotopy groups
• singular homology with calculations for totally disconnected spaces

https://github.com/HoTT/Coq-HoTT/blob/master/theories/Homotopy/BlakersMassey.v
https://arxiv.org/abs/1507.03634
https://arxiv.org/abs/2401.16336
https://unimath.github.io/agda-unimath/synthetic-homotopy-theory.eckmann-hilton-argument.html
https://github.com/HoTT/Coq-HoTT/blob/master/theories/Homotopy/EMSpace.v
https://arxiv.org/abs/2212.04182
https://github.com/HoTT/Coq-HoTT/blob/master/theories/Homotopy/BlakersMassey.v
https://github.com/jarlg/central-types
https://github.com/jarlg/central-types
https://github.com/agda/cubical/blob/master/Cubical/Homotopy/HiltonMilnor.agda
https://github.com/agda/cubical/blob/master/Cubical/Homotopy/HiltonMilnor.agda
https://github.com/agda/cubical/blob/master/Cubical/CW/HurewiczTheorem.agda
https://github.com/HoTT/Coq-HoTT/blob/master/theories/Modalities/Localization.v
https://arxiv.org/abs/1704.05770
https://github.com/CMU-HoTT/serre-finiteness
https://github.com/CMU-HoTT/serre-finiteness
https://github.com/cmu-phil/Spectral
https://arxiv.org/abs/2107.14283
https://github.com/agda/cubical/pull/1170
https://github.com/agda/cubical/blob/master/Cubical/Homotopy/Group/Pi3S2.agda
https://github.com/agda/cubical/blob/master/Cubical/Homotopy/Group/Pi4S3/Summary.agda
https://github.com/leanprover-community/mathlib4/blob/master/Mathlib/GroupTheory/EckmannHilton.lean
https://leanprover-community.github.io/mathlib4_docs/Mathlib/Topology/Homotopy/HomotopyGroup.html
https://github.com/leanprover-community/mathlib4/blob/master/Mathlib/AlgebraicTopology/SingularHomology/Basic.lean
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Plan / Preview

1. Synthetic perspectives on spaces (via homotopy type theory)

families of spaces, propositions as spaces, univalent universes

2. Synthetic perspectives on categories (via simplicial type theory)

unique binary composition, path & arrow induction, directed univalent universes

https://homotopytypetheory.org/book/
https://higher-structures.math.cas.cz/api/files/issues/Vol1Iss1/RiehlShulman


1

Synthetic perspectives on spaces
(via homotopy type theory)



Families of spaces
Write (𝐴𝛾)𝛾∶Γ for a “Γ-indexed family of spaces” or a “space 𝐴 in context Γ.”

Here 𝛾 ∶ Γ is a (generalized)
element of the base space Γ
and 𝐴𝛾 is the fiber:

𝐴𝛾 𝐴

Δ Γ

⌟
(𝐴𝛾)𝛾∶Γ

𝛾

Example: Any space 𝐴 has a path space family 𝐴 𝐴𝐼 𝐴 × 𝐴∼
refl (ev0,ev1)

defined by exponentiation with the interval ∗ + ∗ 𝐼 ∗∼ .

𝑥 ∼ 𝑦 𝐴𝐼

∗ 𝐴 × 𝐴

⌟
(𝑥∼𝑦)𝑥,𝑦∶𝐴

(𝑥,𝑦)

In this family, the fiber 𝑥 ∼ 𝑦 over two points is the space of paths in 𝐴 from 𝑥 to 𝑦.



Families of spaces
Write (𝐴𝛾)𝛾∶Γ for a “Γ-indexed family of spaces” or a “space 𝐴 in context Γ.”

Here 𝛾 ∶ Γ is a (generalized)
element of the base space Γ
and 𝐴𝛾 is the fiber:

𝐴𝛾 𝐴

Δ Γ

⌟
(𝐴𝛾)𝛾∶Γ

𝛾

Example: Any space 𝐴 has a path space family 𝐴 𝐴𝐼 𝐴 × 𝐴∼
refl (ev0,ev1)

defined by exponentiation with the interval ∗ + ∗ 𝐼 ∗∼ .

𝑥 ∼ 𝑦 𝐴𝐼

∗ 𝐴 × 𝐴

⌟
(𝑥∼𝑦)𝑥,𝑦∶𝐴

(𝑥,𝑦)

In this family, the fiber 𝑥 ∼ 𝑦 over two points is the space of paths in 𝐴 from 𝑥 to 𝑦.



A very convenient category of spaces
The category of spaces is locally cartesian closed: any 𝑓 ∶ Δ → Γ defines an adjoint

triple of operations on families Spaces/Δ Spaces/Γ

Σ𝑓

⊥

Π𝑓

⊥
𝑓∗ acting by

pullback /
substitution:

𝐴𝑓 𝐴

Δ Γ

(𝐴𝑓(𝛿))𝛿∶Δ

⌟
𝑓∗

↤
(𝐴𝛾)𝛾∶Γ

𝑓

composition /
sum:

𝐵 Σ𝛿∶Δ𝐵𝛿

Δ ∗

(𝐵𝛿)𝛿∶Δ Σ
↦

!

pushforward /
sections:

𝐵 Π𝛿∶Δ𝐵𝛿

Δ ∗

(𝐵𝛿)𝛿∶Δ Π
↦

!

with all operations defined fiberwise.

A point in Σ𝛿∶Δ𝐵𝛿 chooses a point in a particular fiber—“∃𝛿∶Δ, 𝐵𝛿.”
A point in Π𝛿∶Δ𝐵𝛿 continuously chooses elements in every fiber—“∀𝛿∶Δ, 𝐵𝛿.”
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A point in Π𝛿∶Δ𝐵𝛿 continuously chooses elements in every fiber—“∀𝛿∶Δ, 𝐵𝛿.”
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Propositions as spaces (and contractibility as uniqueness)
Using these operations, we may define moduli spaces for various propositions.

Example: For any space 𝐴, a point in the space

“∃𝑥∶𝐴, ∀𝑦∶𝐴, 𝑥 = 𝑦”

isContr(𝐴) ≔ Σ𝑥∶𝐴Π𝑦∶𝐴𝑥 ∼ 𝑦

provides a proof of the contractibility of 𝐴.

𝐴𝐼 Σ𝑥∶𝐴Π𝑦∶𝐴𝑥 ∼ 𝑦 Σ𝑥∶𝐴Π𝑦∶𝐴𝑥 ∼ 𝑦

𝐴 × 𝐴 𝐴 ∗

(𝑥∼𝑦)𝑥,𝑦∶𝐴 Π
↦ (Π𝑦∶𝐴𝑥∼𝑦)𝑥∶𝐴 Σ

↦
𝜋1 !

A similar moduli space detects whether a map 𝑓 ∶ 𝐴 → 𝐵 is an equivalence

isEquiv(𝑓) ≔ (Σ𝑔∶𝐵→𝐴𝑔 ∘ 𝑓 ∼ id𝐴) × (Σℎ∶𝐵→𝐴𝑓 ∘ ℎ ∼ id𝐵)
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Univalent universes of spaces
Arbitrary equivalences between arbitrary types are elements of a family of spaces
𝐴 ≃ 𝐵 ≔ Σ𝑓∶𝐴→𝐵isEquiv(𝑓) indexed by 𝐴, 𝐵 ∶ U in the universe of (small) spaces.

Univalence (Voevodsky): Paths in the universe are equivalent to equivalences:

U

U𝐼 EqU

U×U

refl
∼

id

∼

path-ind(refl↦id)

(𝐴∼𝐵)𝐴,𝐵∶U (𝐴≃𝐵)𝐴,𝐵∶U

By the principle of path induction, to define a map out of the total path space U𝐼

into a family of spaces over U × U, it suffices to define its image on the
subspace refl ∶ U ∼−→ U𝐼 of constant paths.

https://ems.press/journals/jems/articles/274693
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Application of univalence: (higher) group theory
The structure-identity principle, a consequence of the univalence axiom, characterizes
the path spaces of other moduli spaces constructed from the universe.

Example: For a natural number 𝑛, Fin𝑛 ≔ Σ𝑋∶U‖𝑛 ∼ 𝑋‖ is the path component in the
universe containing the discrete space 𝑛 on 𝑛 points. By univalence:

• Fin𝑛 is a 1-type, with all homotopy groups vanishing above dimension 1.
• Paths 𝑝 ∶ 𝑋 ∼ 𝑌 in Fin𝑛 are equivalent to equivalences 𝑒 ∶ 𝑋 ≃ 𝑌 .
• The based loop space Ω(Fin𝑛, 𝑛) ≔ 𝑛 ∼ 𝑛 is equivalent to Σ𝑛 ≔ 𝑛 ≃ 𝑛.

Consequently 𝐵Σ𝑛 ≔ Fin𝑛 ≔ Σ𝑋∶U‖𝑛 ∼ 𝑋‖.

Higher groups are defined analogously for arbitrary 𝑎 ∶ 𝐴 by 𝐵Aut(𝑎) ≔ Σ𝑥∶𝐴‖𝑎 ∼ 𝑥‖.

An action of a higher group 𝐵𝐺 is a map 𝑋 ∶ 𝐵𝐺 → U, defining a family (𝑋𝑧)𝑧∶𝐵𝐺,
with invariants and coinvariants defined by 𝑋ℎ𝐺 ≔ Π𝑧∶𝐵𝐺𝑋𝑧 and 𝑋ℎ𝐺 ≔ Σ𝑧∶𝐵𝐺𝑋𝑧.
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2

Synthetic perspectives on categories
(via simplicial type theory)



Simplices from a directed interval
Synthetic category theory is developed in the context of a directed interval 2:

• with distinct endpoints 0, 1 ∶ 2,
• with a family of propositions (𝑥 ≤ 𝑦)𝑥,𝑦∶2, and
• satisfying reflexivity, transitivity, antisymmetry, totality, with min 0 and max 1.

From the interval, (cf. Joyal) we define the standard simplices (and maps between them):

Δ0 ≔ ∗ Δ2 ≔ Σ𝑥,𝑦∶2𝑦 ≤ 𝑥 Δ2 Δ3

Δ1 ≔ 2 Δ3 ≔ Σ𝑥,𝑦,𝑧∶2𝑧 ≤ 𝑦 ≤ 𝑥 2 × 2 2 × 2 × 2

(𝑦≤𝑥)𝑥,𝑦∶2 (𝑧≤𝑦≤𝑥)𝑥,𝑦,𝑧∶2 ⋯

as well as simplicial subspaces such as

Λ2
1 ≔ Σ𝑥,𝑦∶2(𝑦 ∼ 0) ∨ (𝑥 ∼ 1)

Δ0 Δ1

Δ1 Λ2
1 Δ2

2 × 2

⌜

https://ncatlab.org/nlab/show/classifying+topos
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Simplicial spaces and precategories
Write “simplicial spaces” ≔ synthetic spaces in the context of 2.

A simplicial space 𝐶 has families of

paths
𝑥 ∼ 𝑦 𝐶𝐼

∗ 𝐶 × 𝐶

⌟
(𝑥∼𝑦)𝑥,𝑦∶𝐶

(𝑥,𝑦)

and arrows
Hom(𝑥, 𝑦) 𝐶Δ1

∗ 𝐶 × 𝐶

⌟
(Hom(𝑥,𝑦))𝑥,𝑦∶𝐶

(𝑥,𝑦)

Definition (Riehl–Shulman after Segal): A precategory is a simplicial space 𝐶 in which
every composable pair of arrows has a unique composite:

the fibers of
𝐶Δ2

𝐶Λ2
1

(Comp(𝑓,𝑔))𝑓∶Hom(𝑥,𝑦),𝑔∶Hom(𝑦,𝑧) over
𝑦

𝑥 𝑧
𝑔𝑓 ∶ 𝐶Λ2

1 are contractible.
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Composition, identities, and associativity
Definition (Riehl–Shulman after Segal): A precategory is a simplicial space 𝐶 in which
every composable pair of arrows has a unique composite:

the fibers of
𝐶Δ2

𝐶Λ2
1

(Comp(𝑓,𝑔))𝑓∶Hom(𝑥,𝑦),𝑔∶Hom(𝑦,𝑧) over
𝑦

𝑥 𝑧
𝑔𝑓 ∶ 𝐶Λ2

1 are contractible.

A precategory has a unique composition function Hom(𝑦, 𝑧) × Hom(𝑥, 𝑦)
∘

→ Hom(𝑥, 𝑧)

𝐶Δ2

𝐶Λ2
1 𝐶Δ1

𝐶 × 𝐶

(Comp(𝑓,𝑔))𝑓∶Hom(𝑥,𝑦),𝑔∶Hom(𝑦,𝑧) res

∘

center

(Σ𝑦∶𝐶Hom(𝑦,𝑧)×Hom(𝑥,𝑦))𝑥,𝑧∶𝐶 (Hom(𝑥,𝑧))𝑥,𝑧∶𝐶

that is unital and associative, with identities id𝑥 ∶ Hom(𝑥, 𝑥) defined as constant maps.
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Categories and groupoids
An arrow 𝑓 ∶ Hom(𝑥, 𝑦) in a precategory is an isomorphism if

isIso(𝑓) ≔ (Σ𝑔∶Hom(𝑦,𝑥)𝑔 ∘ 𝑓 ∼ id𝑥) × (Σℎ∶Hom(𝑦,𝑥)𝑓 ∘ ℎ ∼ id𝑦)

Thus, in addition to the families of paths
and arrows, precategories have a family of

isomorphisms
𝐶 𝕀

𝐶 × 𝐶

(𝑥≅𝑦)𝑥,𝑦∶𝐶

where 𝑥 ≅ 𝑦 ≔ Σ𝑓∶Hom(𝑥,𝑦)isIso(𝑓).

Definition (Riehl–Shulman after Rezk):
A precategory 𝐶 is a category if paths are
equivalent to isomorphisms:

𝐶

𝐶𝐼 𝐶 𝕀

𝐶 × 𝐶

refl
∼

id

∼
path-ind(refl↦id)

(𝑥∼𝑦)𝑥,𝑦∶𝐶 (𝑥≅𝑦)𝑥,𝑦∶𝐶

Similarly, a simplicial space is a groupoid if paths are equivalent to arrows.

https://higher-structures.math.cas.cz/api/files/issues/Vol1Iss1/RiehlShulman
https://www.jstor.org/stable/221843
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Free theorems in synthetic category theory

Definition (Riehl–Shulman after Segal/Rezk): A category is a simplicial space 𝐶 where
• every composable pair of arrows has a unique composite (𝐶Δ2 ≃ 𝐶Λ2

1) and
• paths are equivalent to isomorphisms (𝐶𝐼 ≃ 𝐶 𝕀).

Free Theorems:
• Functoriality: any map 𝑓 ∶ 𝐴 → 𝐵 between categories is a functor.

• Naturality: any map
𝐴 𝐵

Γ

𝑓

(𝐴𝛾)𝛾∶Γ (𝐵𝛾)𝛾∶Γ

between covariant or contravariant

families of synthetic categories is a natural transformation.
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Path induction and arrow induction

Path Induction (generalizing the indiscernibility of identicals):

For 𝑎 ∶ 𝐴, to define a section of a family
over the based path space Σ𝑥∶𝐴𝑎 ∼ 𝑥, it
suffices to define the image of the constant
path refl𝑎.

𝑃

∗ Σ𝑥∶𝐴𝑎 ∼ 𝑥

(𝑃𝑝)𝑝∶𝑎∼𝑥

𝑑

refl𝑎

path-ind(refl↦𝑑)

Arrow Induction (generalizing the Yoneda lemma):

For 𝑐 ∶ 𝐶 a category, to define a section of
a covariant family over the slice category
Σ𝑥∶𝐶Hom(𝑐, 𝑥), it suffices to define the
image of the identity arrow id𝑐.

𝑃

∗ Σ𝑥∶𝐶Hom(𝑐, 𝑥)

(𝑃𝑓)𝑓∶Hom(𝑐,𝑥)

𝑑

id𝑐

arr-ind(id↦𝑑)
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Path induction and arrow induction

Path Induction (generalizing the indiscernibility of identicals):
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Directed univalence

As univalence characterizes the paths in the universe of spaces,
directed univalence characterizes arrows in the universes of groupoids or categories.

Directed univalence (Weaver–Licata, Cisinski–Nguyen, Gratzer–Weinberger–Buchholtz,
Cavallo–Riehl–Sattler): Arrows in the universe of groupoids are equivalent to functions:

S

SΔ1 FunS

S×S

id id

∼
arr-ind(id↦id)

(Hom(𝐴,𝐵))𝐴,𝐵∶S (𝐴→𝐵)𝐴,𝐵∶S

https://dl.acm.org/doi/abs/10.1145/3373718.3394794
 https://doi.org/10.48550/arXiv.2210.08945
https://arxiv.org/abs/2407.09146
https://emilyriehl.github.io/files/directed-univalence.pdf
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Application of directed univalence
Using the directed univalence axiom, we can construct other categories of higher
structures and characterize their hom-spaces, via the structure-homomorphism principle.

Example: The simplicial space of magmas is defined by Magma ≔ Σ𝐴∶S𝐴 × 𝐴 → 𝐴.
By directed univalence:

• Magma is a category
• an arrow from (𝐴, 𝛼 ∶ 𝐴 × 𝐴 → 𝐴) to (𝐵, 𝛽 ∶ 𝐵 × 𝐵 → 𝐵) is given by a function

𝑓 ∶ 𝐴 → 𝐵 with
𝐴 × 𝐴 𝐵 × 𝐵

𝐴 𝐵

𝛼

𝑓×𝑓

𝛽

𝑓

Both results use higher directed univalence,
an equivalence between SΔ𝑛 and 𝑛 composable functions.
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Strange new universes of synthetic mathematics

“I believe that future mathematics software will
combine the ease of interaction of an LLM with
the near-absolute trustworthiness of a proof as-
sistant.
…just as a present-day mathematician can exploit
a computer’s calculational ability to explore nu-
merical realms undreamed-of decades ago, these
imagined future mathematicians may exploit a
computer’s logical ability to explore conceptual
realms undreamed-of today.
…What new kinds of mathematics, then, may be
waiting for us to explore with the proof assistants
of tomorrow?”

— Michael Shulman
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